In earlier work [MS] we proved the Mollin-Srinivasan (M-S) conjecture, which provides class number one criteria for real quadratic fields with discriminants of type = 9p 2 ± 4p, for an odd prime p, in terms of prime-producing quadratic polynomials. Here we give a full generalization for discriminants of type = k 2 p 2 ± 4p where the M-S conjecture is the case k = 3.
Introduction
In this work, we present a generalization of the Mollin-Srinivasan conjecture, which was originally stated in [M5] as follows, and proved in [MS] . Theorem 1.1. The Mollin-Srinivasan Conjecture If = 1 + 4m is the discriminant of the real quadratic field Q( p ), then the following are equivalent.
1.
= pq where p < q are primes and |x 2 + x m| is prime for all x 2 [(p + 1)/2, p m + (p 1)/2]. 2. h = 1, where h is the class number of Q( p ), and = 9p 2 ± 4p.
Furthermore, in [MS] , we proved somewhat more in terms of part 2, where we found the lengths of the continued fraction expansions of (1 + p )/2, namely that they are of length 2 or 4 and that p = (2b p mc + 1)/3 is the only non-inert prime less than p /2-see ⇤ E-mails: ramollin@math.ucalgary.ca; Website: http://www.math.ucalgary.ca/˜ramollin/ † rsrinivasan.anitha@gmail.com; Website: https://sites.google.com/site/rsrinivasananitha/ Corollary 3.2. This was of particular interest since, in [MW] , we were able to classify and enumerate all real quadratic fields with exactly one non-inert prime less than p /2. Moreover the actual values, for which the M-S conjecture holds, are a subset of those found in [MW] . The M-S values were found (with one exceptional value whose existence would be an egregious counterexample to the Generalized Riemann Hypothesis (GRH)). Herein, we provide a result that generalizes the M-S conjecture to any discriminant of the form = k 2 p 2 ± 4p for any odd natural number k. Finally, we provide a complete list of the values for which this holds with one GRH-ruled-out exception, and this list is not a subset of those in [MW] .
Preliminaries
We will be using the following, the details and background of which may be found in [M4] , or for a more advanced approach in [M1] .
is not a perfect square, Q 0 is a nonzero integer, P 0 2 Z, and Q 0 (D P 2 0 ). Recursively define for any j 0,
(2.1)
3)
and if
is the periodic continued fraction expansion of ↵ with`=`(↵) being the period length meaning that q n+`= q n for all n 2 N.
Remark 2.1. If ↵ and ↵ 0 satisfy the condition (2.4), then ↵ is called reduced, and if ↵ satisfies (2.5), then ↵ is said to be purely periodic. It is known that a quadratic irrational is reduced if and only if it is purely periodic-see [M4, Theorem 5.12, p. 228 ].
Now we look at the basics for discriminants , namely = 4D/ 2 where D > 1 is a square-free integer and
called the principal surd associated with and
which is the ring of integers of Q( p D) with discriminant having associated radicand D.
Theorem 2.2. Suppose that = 4D/ 2 is a discriminant. Then the following hold, wherè =`(! ). 1. If Q j / is a square-free divisor of 2D for some j 2 N with j <`, then j =`/2.
2. If`is even, then Q`/ 2 / 2D, where Q`/ 2 / is not necessarily square-free.
Proof. See [M3, Theorem 1, p. 163] .
Now, we let C be the ideal class group of O and h = |C | the ideal class number. If I, J are O -ideals, then equivalence of ideals in C is denoted by I ⇠ J and the class of I is denoted by I. In particular, the principal class is denoted by 1.
We will need the following which determines the generators of the ideal class group C of Q( p ) having discriminant . Recall that a non-inert prime ideal P is one whose norm N (P) satisfies the Legendre symbol inequality ( /N (P)) 6 = 1, while a split prime ideal is one with ( /N (P)) = 1, and a ramified prime ideal is one with N (P) .
Theorem 2.3. If is the discriminant of a real quadratic field, then every class of C contains a primitive ideal I with N (I)  p /2. Furthermore, C is generated by the non-inert prime O -ideals P with N (P) < p
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The following holds for general discriminants, not just the fundamental ones for which we state this, but since our focus is primarily the field case in this paper, we restrict our attention. See [M1] for the more general statements of the following results for arbitrary real quadratic orders.
Definition 3.1. Let = 4D/ 2 be a fundamental discriminant with associated radicand D and q 2 N a square-free divisor of . Let ↵ = 1 if 4q and ↵ = 2 otherwise. Then
, is called the Euler-Rabinowitsch polynomial, which was introduced by the first author in [M1, Chapter 4] to discuss prime-producing quadratic polynomials.
The special case of F ,1 (x) was rediscovered in [BS] and called a Rabinowitsch polynomial. The following four lemmas, involving the Euler-Rabinowitsch polynomial, will be needed in the sequel. In all of the lemmas, we assume that is a fundamental discriminant and q is a positive square-free divisor of .
Lemma 3.1. If Q is prime then the following are equivalent.
(a) F ,q (x) ⌘ 0 (mod Q) for some non-negative integer x.
(b) The Legendre symbol ( /Q) 6 = 1 and Q does not divide q.
Lemma 3.2. If I = [x 0 , x 0 + t 1] where x 0 2 Z and t = b p mc, with = 1 + 4m, then for each non-inert prime Q  t, with Q -q, there exists an integer y 2 I with F ,q (y) ⌘ 0 (mod Q). Proof. By Lemma 3.1, there exists an integer x with F ,q (x) ⌘ 0 (mod Q). As Q  t we can find an integer y 2 I such that x ⌘ y (mod Q). Then F ,q (x) ⌘ F ,q (y) (mod Q) and the result follows.
Definition 3.2. Let = 1 + 4m and t = b p mc. If |F ,1 (x)| is prime or equal to 1 for all x 2 I = [x 0 , x 0 + t 1], for some integer x 0 , we call I a Rabinowitsch interval.
We will need the following Lemma 3.3. Suppose that = 4m + 1 with Rabinowitsch interval I = [x 0 , x 0 + t 1] where t = b p mc. Then if t a > 1 is an integer such that |F ,1 (x)| ⌘ 0 (mod a) for some non-negative integer x, then a is prime and there is an integer y 2 I such that x ⌘ y (mod a), and |F ,1 (y)| = a. Proof. By Lemma 3.2, there is an integer y 2 I with F ,1 (y) ⌘ 0 (mod a), so |F ,1 (y)| = a, and a is prime since I is a Rabinowitsch interval. In the next result, the O -ideal Q over q is unique since q is divisible only by ramified primes.
Lemma 3.4. If a > 0 is an integer with |F ,q (x)| = a for some non-negative integer x, then Q ⇠ A, for some O -ideal A with norm a where Q is the unique O -ideal over q.
Proof. See [M1, Lemma 4.1.4, p. 118] .
Corollary 3.1. If q = 1 in Lemma 3.4, then whenever |F ,q (x)| = a for some non-negative integer x, then A ⇠ 1.
Proof. This is immediate from Lemma 3.4.
Lemma 3.5. Suppose that for an odd positive integer k, we have = p 2 k 2 ±4p > 5 where p < p is prime and h = 1. Then the following hold.
)/2) = 2 and if k > 1, the only non-inert prime between p /2 and p is p(k 1) 1.
If
)/2) = 4 and if k > 1, the only non-inert prime between p /2 and p is p(k 1) + 1.
For t = b p
( 1)/4c, the prime p is given by:
and is the only non-inert prime less than p /b where
Proof. First we note that when = p 2 k 2 + 4p, then`= 2 and when = p 2 k 2 4p, then`= 4 by [M1, Theorem 3.2.1, p. 78]. Also, since > 5 and h = 1, then by [M1, Corollary 1.3.2, p. 17], not only is q = pk 2 ± 4 prime, but also p ⌘ q ⌘ 3 (mod 4). Let Q be a non-inert prime with p /2 < Q < p . Then, since is a quadratic residue modulo Q, we can find an odd natural number x  Q with x 2 = 4QQ 0 , where Q 0 < p /2. Thus, since h = 1, by [M1, Theorem 3.2.1, p. 78], Q 0 = 1 or Q 0 = p. Case 1. Q 0 = p. In this case, x = px 1 . We have = p 2 x 2 1 + 4pQ. As Q > 1, clearly 6 = p 2 ± 4p, namely k > 1. If k = 3, then we have = 9p 2 ± 4p = p 2 x 2 1 + 4pQ, which yields that x 2 1 < 9, namely x 1 = 1. Thus, p 2 + 4pQ = 9p 2 ± 4p, which in turn implies p + 4Q = 9p ± 4. Rewriting, we get 8p = 4Q ± 4, forcing Q = 2p ± 1, which is our result. Hence, we may assume that k 5 for the balance of this case. We have q px 2 1 = 4Q and since p
Since b p c 2 {pk 1, pk}, then it follows that x 1 2 {k, k 2}. If x 1 = k, then = p 2 k 2 + 4pQ, which yields = p 2 k 2 + 4p, namely Q = 1, a contradiction. Therefore, x 1 = k 2. This implies Q = p(k 1) + 1 when`= 2 and Q = p(k 1) 1 when`= 4. Case 2. Q 0 = 1. In this case, = x 2 + 4Q, which yields,
If k = 1 then = p 2 + 4p and so p = b p c 1 so Q = p = x. This gives the second part of statement 3 for k = 1.
Again, by [M1, Theorem 3.2.1, p. 78], if k > 1 and`= 4, then = p 2 k 2 4p and b p c = pk 1, so (3.1) becomes
However, x is odd, so the only possibility is x = pk 2, from which we get
4p, so Q = p(k 1) 1 follows. If k > 1 and`= 2, then by the above references, = p 2 k 2 + 4p, and b p c = pk. Using a similar argument to the above on (3.1), we get that again, x = pk 2 is forced and in this case we get Q = p(k+1) 1 = b p c+p 1 > p , a contradiction. Now we are in a position to prove the generalization of the M-S conjecture, Theorem 1.1.
Theorem 3.1. If = 1 + 4m = pq ⌘ 5 (mod 8) with primes p < q satisfying p ⌘ q ⌘ 3 (mod 4), then the following are equivalent.
1. k is the least positive integer for which the following holds. For
|F ,1 (x)| = |x 2 + x m| is prime for all
and is prime or p times a prime for all
Class Number One Criteria-Quadratic Fields -Discriminant k 2 p 2 ± 4p 71 2. If k is an odd integer such that = k 2 p 2 ± 4p and h = 1. Proof. Note that`=`((1 + p )/2) is necessarily even since is divisible by a prime congruent to 3 modulo 4-see [M1, Theorem 2.1.3, p. 51] . By Theorem 2.2, we must have P`/ 2 = px = 2x`/ 2 + 1 for some x 2 N and Q`/ 2 = 2p. Assume statement 1 holds.
3), we must have p < p m. Assume that x = 1. If`= 2, then by (2.3), = p 2 + 4p so we may assume that`> 2 and x = 1. If p > p m then by (2.3),
where 1 < Q < p m. By Lemma 3.3, there exists an integer y with y = x`/ 2 + zQ = (p 1)/2+zQ 2 I 1 , for some z 2 Z. (Note that
Since y = (p 1)/2 z 1 Q 2 I = I 1 , then kp 2p + 1  p 1 2z 1 Q so 2z 1 Q  p 1 kp + 2p 1 = p(3 k) 2, which implies that k = 1. Thus, z 1 Q  p 1, so z 1 Q p  1, which contradicts (3.2). Hence p < p m. We have shown that if`> 2, then p < p m, which is Claim 1. If ↵ = ((k + 2)p 3)/2, then clearly (kp 1)/2 2 I 1 . When However, p so p Q, whence p = Q, so = k 2 p 2 ± 4p, which is the first assertion in statement 2.
Observe that if = k 2 p 2 ± 4p, then P ⇠ 1 where P is an O -prime ideal over p by [M1, Theorem 1.3.3, p. 16] . Now suppose that r < p /2 is a non-inert prime. In order to show that h = 1, by Theorem 2.3, we must show that R ⇠ 1 for a O -prime ideal R over r. By Lemma 3.2, r |F ,1 (x)| for some x 2 I. If x 2 I 1 then by assumption |F ,1 (x)| = r. Thus, by Corollary 3.1, R ⇠ 1. If x 2 I 2 , then by hypothesis, |F ,1 (y)| is equal to r or is p times r. Hence, by Corollary 3.1, if R is an O -prime ideal over r, then either R ⇠ 1 or RP ⇠ 1 so, in the latter case as well, R ⇠ 1 since P ⇠ 1. We have shown that part 1 implies part 2.
Assume statement 2 holds. Note that if |F ,1 (x)| = 1, then = ±4 + (2x + 1) 2 and if the minus sign holds, then = (2x + 1) 2 4 = k 2 p 2 ± 4 which implies that k = 1, and 2x + 1 > p . However, k = 1 implies that 2x + 1 < p p so p p > p , a contradiction. When the plus sign holds, then from [M1, Theorem 3.2.1, p. 78] ,`= 1 which contradicts Lemma 3.5, so we may assume that |F ,1 (x)| > 1 for the balance of the proof.
then it is prime since by Lemma 3.5, there are no primes less than p /2. We assume now that k > 1. Let Q < p be the prime given in Lemma 3.5, then Q =
, then |F ,1 (x)| < /4 < Q 2 so we are done in this case. Now assume that
, then Q = pk p + 1 and p < kp + 1, so (3.3) implies that
4p, then Q = pk p 1 and p < kp so proceeding as above we get
This completes the proof of Claim 2.
As p 2 does not divide |F ,1 (x)|, if |F ,1 (x)| is not a prime or p times a prime, then it is divisible by two primes that are bigger than or equal to Q, namely |F ,1 (x)| > Q 2 , contradicting Claim 2. To show that |F ,1 (x)| is prime for all x 2 I 1 , assume that |F ,1 (x)| 89, 251, 233, 3 · 71, 191, 167, 3 · 47, 113, 83, 3 · 17, 17, 19, 3 · 19, 97, 139, 3 · 61, 229, 277 , 3 · 109, 379 1757 x 2 + x 439 (3, 7) [4, 23] 419, 409, 397, 383, 367, 349, 7 · 47, 307, 283, 257, 229, 199, 167, 7 · 19, 97, 59, 19, 23, 67, 113 The reader may see [M2] for an overview of the interconnections among prime-producing quadratics, class number problems for quadratic fields, as well as density issues. Lastly, note that Theorems 3.1-3.2 are related to a yet-unresolved conjecture, [M1, Conjecture 4.2.1, p. 140] . At this juncture that conjecture seems intractable.
